Abstract. In this paper we show that the space of nodal rational curves, which is so called a Severi variety (of rational curves), on any non-singular projective surface is always equipped with a natural Einstein-Weyl structure, if the space is 3-dimensional. This is a generalization of the Einstein-Weyl structure on the space of smooth rational curves on a complex surface, given by N. Hitchin. As geometric objects naturally associated to Einstein-Weyl structure, we investigate null surfaces and geodesics on the Severi varieties. Also we see that if the projective surface has an appropriate real structure, then the real locus of the Severi variety becomes a positive definite Einstein-Weyl manifold. Moreover we construct various explicit examples of rational surfaces having 3-dimensional Severi varieties of rational curves.
Introduction
In the paper [3] , N. J. Hitchin established a kind of twistor correspondence which provides a bijection between 3-dimensional Einstein-Weyl manifolds and non-singular complex surfaces which have non-singular rational curves with normal bundle O(2). The latter complex surfaces are called the minitwistor spaces, and the rational curves in the spaces are called the minitwistor lines. In this Hitchin correspondence, Einstein-Weyl manifolds appear as parameter spaces of the minitwistor lines. The parameter space has a natural complex conformal structure and holomorphic geodesics, by which the space becomes an Einstein-Weyl 3-fold. Conversely, when an Einstein-Weyl 3-fold is given, the minitwistor space is obtained as the leaf space for a certain foliation on a conic bundle naturally constructed over the Einstein-Weyl 3-fold. Here in order to obtain the minitwistor space, we need to assume in general that an Einstein-Weyl 3-fold is sufficiently small. In this sense, the Hitchin correspondence is local in nature. It is also remarkable that there are essentially only two compact minitwistor spaces, while there are many non-compact minitwistor spaces as constructed by H. Pedersen and K. P. Tod ( [9, 10] ). The two compact minitwistor spaces correspond to the two standard Einstein-Weyl 3-folds (i.e. the Euclidean space and the hyperbolic space).
In this paper, we show that if we allow the minitwistor lines to be nodal rational curves, then their parameter space still carries a natural Einstein-Weyl structure, if the parameter space is 3-dimensional. When the complex surface is projective algebraic, the parameter space of nodal curves (of any genus) in a linear system is called a Severi variety in algebraic geometry, which is known to have a natural structure of a (non-complete) algebraic variety. Thus our result can be precisely stated that any Severi variety of rational curves has a natural EinsteinWeyl structure, if it is 3-dimensional. If C denotes any of the nodal rational curves, the last condition is equivalent to the condition that the self-intersection number of C and the number of the nodes of C are 2m and (m − 1) respectively. So when m = 1 our result is reduced to the Hitchin's original Einstein-Weyl structure.
In Section 2.1 we recall the above Hitchin correspondence, with some emphasizes on null plane bundles over Einstein-Weyl 3-folds, a plane distribution on the bundle, and its integrability. In Section 2.2 we first recall fundamental results on Severi varieties in general (Proposition 2.4), and show that if the nodal curves (parametrized by the Severi variety) are rational, then the Severi variety is non-singular and its dimension is expressed by the self-intersection number of the rational curves and the number of the nodes (Proposition 2.6). In Section 2.3 by using Hitchin's result we show that the Severi variety of rational curves has a natural Einstein-Weyl structure, if the variety is 3-dimensional (Theorem 2.10). In Section 2.4 motivated by this result we define minitwistor spaces to be a pair of non-singular projective surface and a linear system on it which has a 3-dimensional Severi variety of rational curves (Definition 2.11). Our definition involves a positive integer m which is one greater than the number of the nodes, and we call this integer the index of the minitwistor space. Then the original minitwistor spaces by Hitchin are exactly the minitwistor spaces of index one. As any blow-up of the minitwistor spaces (in the above sense) becomes again minitwistor space, we also introduce the notion of minimality of the minitwistor spaces (Definition 2.13). Then any minimal minitwistor spaces of index one are isomorphic to either CP 1 × CP 1 or the Hirzebruch surface P(O(2) ⊕ O) (Proposition 2.14).
In Section 3 we investigate certain subvarieties of the 3-dimensional Severi variety (of rational curves) naturally arising from the Einstein-Weyl structure. Namely we investigate null surfaces and (null and non-null) geodesics in the Einstein-Weyl 3-fold. Just as in the Hitchin's case, null surfaces are formed by minitwistor lines going through a point on the minitwistor space, and geodesics are formed by those going through two points on the minitwistor space. (In particular, they are automatically algebraic subvarieties.) But significant difference in our case is that both of them are non-normal subvarieties. The singular locus of these subvarieties are formed by minitwistor lines which have nodes at the prescribed point(s).
In Section 4 we show that if the minitwistor space (in our sense) has a real structure and a real minitwistor line which has the nodes as its all real points, then the real locus of the (3-dimensional) Severi variety has a natural structure of a real, positive definite Einstein-Weyl 3-manifold (Theorem 4.3). They are obtained as real slices of the complex Einstein-Weyl structure obtained in Section 2.
In Section 5 we provide various examples of the minitwistor spaces. In Section 5.1 for any m ≥ 2 we construct minimal minitwistor spaces of index m. They are obtained from the product surface CP 1 × CP 1 by blowing-up 2m points. In this example, the configuration of the 2m points can be taken generically, so that they constitute a 4m-dimensional family, while the number of effective parameter is 4m − 6. Also we see that if we specialize the configuration of the 2m points in a certain way, then we obtain minitwistor spaces with C * -action, or even toric minitwistor spaces (of any index). In Section 5.2 we provide examples of minimal minitwistor spaces of any index which have a real structure enjoying the conditions in Section 4. This creates real, positive definite Einstein-Weyl 3-manifolds. These minitwistor spaces are obtained as the canonical quotient spaces of the twistor spaces of Joyce's self-dual metrics on the connected sum of complex projective planes. Notations and Conventions. For a complex space X, Sing X means the singular locus of X. For a sheaf F on X, we put h i (X, F ) = dim H i (X, F ). By a rational curve, we mean a reduced irreducible curve whose normalization is isomorphic to a complex projective line (as usual). A nodal curve is a reduced curve which has ordinary nodes as its all singularities. If Y is a non-singular submanifold in X, the normal bundle is denoted by N Y /X . (This is used only when Y ∩ Sing X = ∅.) The base locus of a linear system |D| is denoted by Bs |D|.
A Hitchin correspondence and Einstein-Weyl structure on Severi varieties
2.1. Hitchin correspondence. First we recall the definition of Einstein-Weyl structure on complex manifolds. Let M be a complex manifold, and T M and T * M the holomorphic tangent and cotangent bundles respectively. A complex metric on M is a holomorphic section of the symmetric tensor product S 2 T * M such that the induced quadratic form on T x M is nondegenerate for any x ∈ M . Two complex metrics g and g ′ are said to be conformal if there is a non-vanishing holomorphic function f on M satisfying g ′ = f g. A conformal class of a complex metric g is denoted by [g] . An affine connection on M is a holomorphic connection on T M . An affine connection ∇ on M is said to be compatible with a conformal structure [g] if for each g ∈ [g], there is a (holomorphic) 1-form a on M such that 
holds, where g ij is the metric tensor of g and
For real manifolds, a Weyl structure and the Einstein-Weyl condition on it is defined in a similar way by the equations (1) and (2) . We say that a Weyl structure ([g], ∇) on a real manifold is positive-definite or negative-definite if [g] is so.
In this paper, we are concerned with Einstein-Weyl structures on 3-dimensional manifolds. So let M be a complex 3-fold and ([g], ∇) a Weyl structure on M . A 2-dimensional subspace V in a tangent space T x M (x ∈ M ) is called a null plane if [g] degenerates on V . The set of null planes in a tangent space T x M is called the null cone (at x ∈ M ). A 2-dimensional subspace V ⊂ T x M is a null plane iff V tangents to the null cone of [g]. A 2-dimensional submanifold Σ ⊂ M is called a null surface if T x Σ is a null plane for any x ∈ Σ. Then the Einstein-Weyl condition for ([g], ∇) is characterized in terms of null surfaces as follows. Proof. Since we later require some detail of the proof, we briefly recall it. Let P(T * M ) → M be the projectivization of the holomorphic cotangent bundle, and consider the null planes bundle
where g ∈ [g], and ϕ ∈ T * M is considered to be an element of T M by the identification T * M ≃ T M induced by g. Then as [g] is non-degenerate, the fiber of the natural projection ̟ : Q(M ) → M is a non-singular conic (≃ CP As explained in the introduction, we shall define an Einstein-Weyl structure on a certain kind of complex 3-folds arising from some complex surfaces (which will be called the minitwistor spaces). Our method is based on the following construction called Hitchin correspondence established by Hitchin in [3] . Let S be a non-singular complex surface. A non-singular rational curve C ⊂ S is called a minitwistor line if N C/S ≃ O C (2) holds. As H 1 (N C/S ) = 0, by Kodaira's theorem, the parameter space W of minitwistor lines becomes a 3-dimensional complex manifold such that for any minitwistor line D ∈ W , there is a canonical isomorphism
The complex 3-fold W is naturally equipped with certain families of 2 and 1-dimensional submanifolds as follows. First, for any p ∈ S define W p := {D ∈ W | p ∈ D}. Then by considering the blowing-up S at p, it can be shown ( [3] ) that W p becomes a 2-dimensional complex submanifold in W if it is non-empty. Next, for any two points p, q ∈ S we define W p,q := {D ∈ W | p, q ∈ D}. Then W p,q becomes a 1-dimensional complex submanifold of W . Note that W p,q naturally makes sense even when q is an infinitely near point of p. Here for any point p ∈ S, an infinitely near point of p is a point on the exceptional curve E p of the blowing-up of S at p. When q is an infinitely near point of p ∈ S, then W p,q is defined as
Then on the parameter space W an Einstein-Weyl structure is defined as follows: Proof. Since we will again require some details of the proof, we give an outline. The conformal structure [g] on W is defined in such a way that, for each D ∈ W , the null cone
Then W p gives a null surface for [g] if it is non-empty. Moreover the null surface W p is totally geodesic for [g] . Indeed, for each C ∈ W p , the family {W p,q } q∈C gives a CP 1 -family of geodesics on W passing through the point C and contained in W p .
Let ̟ : Q(W ) → W be the null-plane bundle defined by (3). Then we have an isomorphism
Hence we obtain the following double fibration:
where f is the restriction of the projection to the second factor. From the proof of Proposition 2.1, null surfaces on W naturally lift on Q(W ), and Q(W ) is foliated by such surfaces. Moreover, the leaves of this foliation coincide with fibers of f by construction. Note that W p = ̟(f −1 (p)) and that Q(W ) is nothing but the universal family of minitwistor lines (which are close to C). (ii) For each p ∈ S and C ∈ W p , there is a unique null geodesic passing through the point C and contained in W p . Indeed, the tangent line T p C ⊂ T p S determines a point q ∈ E p , where E p is the exceptional curve of the blowing up of S at p. Then W p,q is the required null geodesic.
Notice that (i) and (ii) above are also based on the following basic facts respectively: (i)' the intersection of any two null planes at a point is a non-null complex line, and (ii)' each null plane V bijectively corresponds to a null complex line L such that L ⊂ V .
Severi varieties.
First we recall a definition of Severi varieties and their basic properties. The most useful reference on Severi varieties is a book by E. Sernesi [11] , especially §4.7. Let S be a non-singular projective algebraic surface and L a line bundle over S satisfying |L | = ∅. We often identify the complete linear system |L | and its parameter space PH 0 (S, L ) * (the dual projective space). 
where T C W |L |, δ means the Zariski tangent space of W |L |, δ at the point C, and By the adjunction formula, the geometric genus of a member C ∈ W |L |, δ is independent of a choice of C. (Namely, it is given by (1/2)(L 2 + K S · L ) + 1 − δ.) If it is zero, namely when a Severi variety parametrizes (nodal) rational curves, it becomes non-singular and has an expected dimension as follows. Proposition 2.6. Suppose a non-singular projective surface S has a rational curve C which has δ (> 0) nodes as its all singularities. If C 2 + 1 − 2δ > 0, the Severi variety W |C|, δ is non-singular and (C 2 + 1 − 2δ)-dimensional. Moreover, under this assumption, S is a rational surface.
Proof. By the Riemann-Roch formula (see [1, (3.1 ) Theorem]), we have
Let ν :C → C be the normalization of C, so thatC ≃ CP 1 . The nodes of C determine 2δ distinct points onC. We put k := C 2 for simplicity. Then as
On the other hand, as C has δ nodes, we have
Hence by (7), we obtain H 1 (O C (C)⊗ I Sing C ) = 0. Then by Proposition 2.4 (iii) we obtain that the component of W |C|,δ containing C is non-singular and its dimension is given by h 0 (O C (C)⊗ I Sing C ) = C 2 + 1 − 2δ. Next we show that S is a rational surface. If we K S denotes the canonical bundle on S, by adjunction formula we have
Hence we have CK S = −(C 2 + 1 − 2δ) − 1 < 0. Therefore since C actually moves in S, the Kodaira dimension of S is −∞. Hence S is birational to a ruled surface. If q := h 1 (O S ) = 0, S is a rational surface and we are done. If q > 0, let α : S → T be the Albanese map, so that T is a Riemannian surface of genus q. Then obviously a general nodal curve C cannot be contained in a fiber of α. But at the same time, α| C cannot be surjective since otherwise we obtain a non-trivial map from CP 1 to T via the normalization of C. This means q = 0. Hence S is rational.
A more direct and geometric proof of the first claim of Proposition 2.6 can be given by taking "the normalization of a tubular neighborhood of C ". See Section 2.3 for this. As an immediate consequence of Proposition 2.6, we obtain the following characterization of 3-dimensional Severi varieties of rational curves: As for the linear system |C| on S, we have the following Proposition 2.8. Let S and C be as in Proposition 2.6, and suppose
Proof. We again write k = C 2 . Let ω C be the dualizing sheaf. Then as C is a rational curve with exactly δ nodes, we have deg ω C = 2δ − 2. Hence by the assumption we have deg(ω C ⊗ O C (−C)) = 2δ − 2 − k < 0. Therefore by duality we have H 1 (O C (C)) = 0. Then by Riemann-Roch formula we obtain
Hence by the cohomology exact sequence of
and the rationality of S, we obtain h 0 (O S (C)) = k + 2 − δ, and obtain (i). Next in order to show (ii) and (iii) we explicitly give a basis of H 0 (O C (C)). For this, let ν :C → C be the normalization as before. Take a non-homogeneous coordinate z onC ≃ CP 1 . Let p 1 , · · · , p δ be the nodes of C andp 1 i ,p 2 i ∈C (1 ≤ i ≤ δ) the 2 points determined by the 2 branches at p i . We write z = a i and z = b i forp 1 i andp 2 i respectively, where we can obviously suppose
of OC(k) →C. From these, we obtain an isomorphism
Hence by (9) these form a basis of H 0 (O C (C)). Then since the zero locus of the two sections 1 and f k are disjoint, it follows that the system |O C (C)| is base point free. Hence, since the restriction map
) is surjective as above, we obtain that |C| is also base point free, meaning (ii). Let φ : S → CP N (N = C 2 +1−δ) be the morphism associated to |C|. Then for (iii), since C ∈ |C|, it suffices to show that the morphism φ| C is generically 1 : 1. The last morphism is exactly the morphism induced by the system |O C (C)|. Suppose that this morphism is generically d 
, and the degree of the polynomials g i (f (z)) is a multiple of d. Since we have suppose d > 1, this contradicts our choice of the above basis {1, f δ+1 , f δ+2 , · · · , f k }. Hence we have d = 1, and φ is a birational morphism. This implies that the degree of φ(S) equals to C 2 = k, as desired.
2.3.
Einstein-Weyl structures on the Severi varieties. For the purpose of proving the main result in this section, we first introduce notions of 'tubular neighborhood' of a nodal curve in a complex surface, and the 'normalization' of the tubular neighborhood. To this end, we first consider a local model of a nodal curve and its normalization. Let (x 1 , x 2 ) be the usual coordinate on C 2 , and consider a nodal curve Y = Y 1 ∪Y 2 where Y l = {x l = 0}. Then for small ε > 0 and l = 1, 2, we put U l = {(x 1 , x 2 ) ∈ C 2 | |x l | < ε} and call the union U 1 ∪U 2 as a tubular neighborhood of the nodal curve Y . Then the disjoint union U 1 U 2 can be regarded as a tubular neighborhood (in the usual sense) of a non-singular non-connected curve Y 1 Y 2 , and the natural map
This is a local model of a tubular neighborhood of nodal curves and its normalization.
For a global situation, let S be a compact complex surface, C ⊂ S a nodal curve, and p 1 , · · · , p n the set of nodes of C. Then we can take a covering {U 0 , U 1 , · · · , U n } of C by open subsets of S which satisfies the following conditions: 1) for any 1 ≤ i ≤ n and 0 ≤ j ≤ n, p i ∈ U j holds if and only if j = i,
Then by our choice, f i can be suppose to be of the form
i andŨ 2 i be two copies of U i , equipped with the same coordinate (x 1 i , x 2 i ), and defineC
be the origins respectively. LetŨ 0 be a copy of U 0 andC 0 ⊂Ũ 0 be the curve corresponding to C ∩ U 0 . Then by the above conditions 1) -3), the open sets Figure 1 . the normalization of a tubular neighborhood of a nodal curve
LetŨ andC be the resulting non-singular complex surface and the non-singular curve inŨ respectively. Let
be the natural projection. Then the restriction ν|C gives a normalization of C. We call U a tubular neighborhood of C, and the map ν :Ũ → U the normalization of the tubular neighborhood. (This construction is illustrated in Figure 1 ).
The relation between the sheaf O C (C) (= O S (C)| C ) and the normal bundle NC /Ũ ≃ OC(C) is described by the following Lemma 2.9. In the above situation, there exists the following exact sequence:
where C p means the skyscraper sheaf supported at p. In particular, there is an isomorphism
Proof. We use the above notations prepared for the construction of ν :Ũ → U . We put C := ν −1 (C) and D := C −C (subtraction as a divisor). Then D is a non-compact curve consisting of 2n connected components. Then if we note an isomorphism ν * O U (C) ≃ OŨ ( C), the sequence (11) is exactly the third low of the following obvious commutative diagram of exact sequence of sheaves onŨ :
, which is a consequence of the fact that the two curves D andC intersect transversally atp 1 i andp 2 i ). The isomorphism (12) is directly deduced from the exact sequence (11). Now we are ready to prove the main result in this section.
Theorem 2.10. Any Severi variety W of nodal rational curves admits a natural torsion-free Einstein-Weyl structure, if W is 3-dimensional.
Proof. By Proposition 2.7, there exists an integer m > 1 such that any member C of W is a nodal rational curve in S with (m − 1) nodes and satisfies C 2 = 2m. For each nodal curve C ∈ W , let ν :Ũ C → U C be the normalization of a tubular neighborhood of the nodal curve C. As C 2 = 2m we have ν * O C (C) ≃ OC(2m). Therefore, since the third arrow in the exact sequence (11) is just the evaluation map at
is a nodal rational curve contained in U C . Notice that each D ∈ O C is naturally lifted to a non-singular curveD onŨ C (see Figure 2) . Conversely, for each rational curveD onŨ C which is sufficiently close toC, the image ν(D) gives a nodal rational curve which is a member of O C . In this way, O C coincides with the set of non-singular curves obtained as small deformations ofC inŨ C . Hence by the Hitchin correspondence (Proposition 2.2) the neighborhood O C has a natural torsion-free Einstein-Weyl structure. Now suppose
We claim that the constructed Einstein-Weyl structures on O C 1 and O C 2 agree on O. Let ν i :Ũ C i → U C i be the normalization of the tubular neighborhood U C i for i = 1, 2. Let us fix an arbitrary point C ∈ O. We can take a tubular neighborhood U of the nodal curve C such that any D ∈ O is contained in U and U ⊂ U C 1 ∩ U C 2 . Let ν :Ũ → U be the normalization of the tubular neighborhood U . Then a natural Einstein-Weyl structure on the intersection O is induced from U . By our construction ofŨ → U , after shrinking U if necessary, we can define embeddings ι 1 and ι 2 so that the diagram Figure 2 . the natural lift of the nodal rational curve D near C commutes. Since the Einstein-Weyl structure induced by the Hitchin correspondence is characterized by the local structure of the corresponding complex surface, the above diagram indicates that the three surfaces ν
andŨ induces the same Einstein-Weyl structure on O. This means that the Einstein-Weyl structures on O C 1 and O C 2 agree on O as required. Hence the local structures patch up and define a global Einstein-Weyl structure on W .
2.4. The minitwistor spaces. In view of Theorem 2.10, it seems natural to introduce the following Definition 2.11. Let m > 0 be any integer. Then by a minitwistor space of index m, we mean a pair (S, |C|) of a non-singular projective algebraic surface S and a complete linear system |C|, where C is a nodal rational curve C satisfying C 2 = 2m which has exactly (m − 1) ordinary nodes as its all singularities.
Evidently, minitwistor spaces of index 1 are nothing but a (compact) minitwistor spaces in the sense of Hitchin [3] . In Section 5 we will provide examples of minitwistor spaces of index m for arbitrary m > 1. In general, if (S, |C|) is a minitwistor space of index m, there can exist a (nodal rational) curve C ′ such that (S, |C ′ |) is a minitwistor space of index m ′ = m. Then the two Severi varieties W |C|, m−1 and W |C ′ |, m ′ −1 are not biholomorphic in general. This is a reason why we define the minitwistor space as a pair of S and |C|.
If (S, |C|) is a minitwistor space of index m, by the results obtained so far, we have the following: S is a rational surface by Proposition 2.6 (since C 2 + 1 − 2δ = 2m + 1 − 2(m − 1) = 3 > 0). The Severi variety W |C|, m−1 (⊂ |C|) is a 3-dimensional non-singular complex manifold by Propositions 2.6 and 2.7. Furthermore, it is equipped with a torsion-free Einstein-Weyl structure by Theorem 2.10. We will call any nodal rational curve C ∈ W |C|, m−1 as a minitwistor line.
Next we show that a blowing up of a minitwistor space is again a minitwistor space. For this we just need the following Lemma 2.12. Let (S, |C|) be a minitwistor space of (any) index m. Then for any point p ∈ S, there is a member C ∈ W |C|, m−1 such that p ∈ C. (Namely, W ⊂ CP m+2 is non-degenerate.)
Proof. If m = 1, this can be readily seen from Kodaira's theorem on displacement of submanifolds. So let m > 1. Suppose that there exists a point p ∈ S such that p ∈ C for any C ∈ W |C|, m−1 . Let µ : S ′ → S be the blowing up at p. First assume that general members of W |C|, m−1 have a node at p. Let C ′ be the strict transform of a general member C ∈ W |C|, m−1 . Then (C ′ ) 2 = 2m − 4 holds. If m = 2, C ′ is a non-singular rational curve satisfying (C ′ ) 2 = 0. Hence |C ′ | is a pencil. Since we have supposed that C ′ is a general member (of W |C|, m−1 ), this contradicts dim W |C|, 1 = 3. If m > 2, C ′ is a rational curve with δ ′ := m − 2 > 0 nodes.
Therefore general members of W |C|, m−1 are non-singular at p. Hence the strict transform C ′ of a general member C ∈ W |C|, m−1 satisfies (C ′ ) 2 = 2m − 1. Then C ′ is a rational curve with
Let (S, |C|) be a minitwistor space of index m, and p ∈ S any point. Then by Lemma 2.12 we have p ∈ C for a general member C ∈ W |C|, m−1 . Let µ : S ′ → S be the blowing up at p. Then C ′ := ν −1 (C) is still an (m − 1)-nodal rational curve satisfying (C ′ ) 2 = 2m. Further we have C ′ ∈ µ * |C|. Therefore the pair (S ′ , µ * |C|) becomes a minitwistor space of index m. Let E be the exceptional curve of µ. Take any member C ′ ∈ W |µ * C|, m−1 . Then C ′ ∩ E = ∅ holds since C ′ · E = 0 and C ′ is irreducible by the definition of Severi variety. This means µ(C ′ ) ∈ W |C|, m−1 . Thus we obtain a natural inclusion (as an open subset)
We remark that in (13) the coincidence does occur in general since D ∈ W |C|, m−1 with p ∈ D is transformed into a reducible curve D ′ + E (= µ * D − E) where D ′ is the strict transform of D, and D ′ + E ∈ W µ * |C|, m−1 by the definition of Severi variety. To exclude those minitwistor spaces (obtained by blowing up of another minitwistor space), we introduce the following Definition 2.13. We say that a minitwistor space (S, |C|) is minimal if it cannot be obtained from another minitwistor space by blowing-up a point; more precisely, if there exist no minitwistor space (S, |C|) and a point p ∈ S such that S is obtained from S by blowing-up p and such that |C| = µ * |C|, where µ : S → S is the blow-up at p.
Of course, this minimality does not imply that S does not have a (−1)-curve. For minitwistor spaces of index 1, the following classification result seems more or less well known: Proposition 2.14. Let (S, |C|) be a minimal minitwistor space of index 1. Then one of the following holds.
, and C is a section of the ruling
Proof. When the index is 1, a standard argument readily implies dim |C| = 3 and Bs |C| = ∅. Let φ : S → CP 3 be the morphism associated to |C|. If |C| is composed with a pencil, general member of |C| becomes reducible which cannot happen. Hence dim φ(S) = 2. Since C 2 = 2 (and φ(S) cannot be a plane), φ must be birational over φ(S) which is a quadratic surface. If φ(S) is a full-rank (i. e. non-singular), it is isomorphic to CP 1 × CP 1 , and φ(C) is a hyperplane section for any C ∈ |C|. Hence φ(C) ∈ |O(1, 1)|. On the other hand since φ is a birational morphism φ is decomposed as a composition of the usual blow-ups. Hence by minimality of (S, |C|), we obtain that φ is isomorphic. Hence (i) holds. Alternatively, if φ(S) is not a fullrank, φ(S) must be a (quadratic) cone Σ 2 with a unique vertex and φ(C) is again a hyperplane section. Hence φ factors through as S → Σ 2 → Σ 2 , where Σ 2 → Σ 2 is the minimal resolution of the cone. But again by minimality, the map S → Σ 2 must be isomorphic and C must be the pull-back of the hyperplane section. The last curve is a (+2)-section, which implies (ii).
We note that the proof of (ii) of the proposition means that even if a minitwistor space (S, |C|) is minimal, the morphism φ associated to |C| can be non-isomorphic (over the image) in general. If the morphism φ is non-isomorphic, the minimality means that the (birational) image φ(S) necessarily has singularities. (See Remark 5.3 for this.)
In Section 5 we will use the following criterion for the minimality. Proof. Suppose that E is a (−1)-curve on S such that dim φ(E) = 0. Let µ : S → S be the blowing-down of E, and put C = µ(C), p = µ(E). Then as Bs |C| = ∅, dim φ(E) = 0 implies C · E = 0. Hence any C ∈ W |C|, m−1 is disjoint from E. Therefore C is a nodal rational curve satisfying C 2 = 2m having (m − 1) nodes as its all singularities. Then (S, |C|) is obtained from (S, |C|) by blowing-up the point p ∈ S. Hence (S, |C|) is not minimal. Conversely, let (S, |C|) be non-minimal and (S, C) be a minitwistor space from which (S, |C|) is obtained by blowing-up some point p ∈ S. Let E be the exceptional curve of S → S. Then by Lemma 2.12 we can suppose that p ∈ C. Hence E · C = 0 holds. This implies dim φ(E) = 0. Hence φ contracts the (−1)-curve E.
Geometry of Einstein-Weyl structure on the Severi varieties
In the previous section we showed that on the 3-dimensional Severi variety of a minitwistor space (in the sense of Definition 2.11) there exists a natural Einstein-Weyl structure (Theorem 2.10). In this section, we investigate null surfaces and geodesics on these 3-dimensional complex Einstein-Weyl manifolds. Throughout this section, (S, |C|) denotes a minitwistor space of (any) index m, W denotes the Severi variety W |C|, m−1 (which is non-singular and 3-dimensional), and ([g], ∇) denotes the natural Einstein-Weyl structure on W .
3.1. The conformal structure on the Severi varieties. In this subsection, for any point C ∈ W , we first identify the tangent space T C W as a subspace of H 0 (OC(2m)) and also with H 0 (OC(2)), whereC is the normalization of C. Next we represent the conformal structure [g] in terms of polynomials onC. We fix any C ∈ W .
First, by Proposition 2.4 (i), we have a canonical isomorphism
Let p 1 , · · · , p m−1 be the nodes of C, and put ν −1 (p i ) = {p 1 i ,p 2 i }. Next we define V C ⊂ H 0 (OC(2m)) to be the image of the composition of the following two canonical injections:
Then we have an isomorphism T C W ≃ V C . Also we have
Let (z 0 , z 1 ) be any homogeneous coordinate onC ≃ CP 1 . Suppose that in this coordinate the two pointsp 1 i andp 2 i are represented as p
Of course we have (a i , b i ) = (c i , d i ) as points on CP 1 . If we put
then by (16) each element s ∈ V C can be written as
Here, since (a i , b i ) and (c i , d i ) are determined only up to scale, the coefficients (a, b, c) are also determined up to scale. Thus we obtain isomorphisms
Using the normalization of a tubular neighborhood of C explained in the previous section, the tangent space T C W can be alternatively described as follows. Let U be a 'tubular neighborhood' of the curve C ∈ W , and letŨ → U be the normalization, which is the extension of the normalization ν :C → C. By the proof of Theorem 2.10 and the Hitchin correspondence explained in Section 2.1, we have an isomorphism
where we have NC /Ũ ≃ OC (2) . Using the homogeneous coordinate onC as above, each section θ ∈ H 0 (NC /Ũ ) is written as a quadratic polynomial
By Lemma 2.9, the relation between the two isomorphisms T C W ≃ V C and T C W ≃ H 0 (NC /Ũ ) is clearly given by
which is uniquely determined up to scaling.
The null cones of the conformal structure [g] on W can be readily written down using these isomorphisms. Because If we use the notation of (20), then we can write
3.2. Null surfaces in the Severi varieties. In general, Severi varieties are naturally embedded in a projective space by the definition. If W is a Severi variety of the minitwistor space (S, |C|), W is embedded in CP m+2 since dim |C| = m + 2 by Proposition 2.8 (i). In this subsection we investigate particular hyperplane sections of W , which will turn out to be null surfaces of the Einstein-Weyl manifold (W, [g], ∇).
First, for arbitrary p ∈ S we set
which is a hyperplane in |C| since Bs |C| = ∅ by Proposition 2.8 (ii), and define a hyperplane section by
By definition, W p = {D ∈ W | p ∈ D}. By Lemma 2.12 we have W p = W . However, since W is not closed in the projective space CP m+2 , W p can be empty. Actually, we will later show that W p = ∅ if there is another point q ∈ S which satisfies φ(p) = φ(q) (Proposition 3.5) . Proof. Let C ∈ W p , and letŨ → U be the 'normalization of a tubular neighborhood' of C, that is, the extension of the normalization ν :C → C to the tubular neighborhoods ofC and C. By taking a sufficiently small open neighborhood O ⊂ W of the point C, we can assume that any nodal curve D ∈ O is contained in U . Recall that each D ∈ O is naturally lifted to a non-singular curve onŨ which we still denote byD.
Hence we obtain (i).
If C ∈ W 1 p , then ν −1 (p) consists of two points which we denote by {p 1 ,p 2 }. Let us define
Then again by Proposition 2.2 (i), Σ k are null surfaces in O. Furthermore, by the definition of
Then noting that two different null surfaces always intersect transversally along a non-singular non-null geodesic in general (Remark 2.3 (i)), (27) directly implies (ii) and (iii) of the proposition.
In the above proof, if C ∈ W p \W 1 p , we obtain
by the Hitchin correspondence. Similarly, if C ∈ W 1 p , then we obtain
Then any null plane V on W has a unique point p ∈ S such that V is tangent to the null surface W p as follows: Proposition 3.2. For any point C ∈ W and any null plane V ⊂ T C W , there exists a unique point p ∈ S which satisfies exactly one of the following:
p and V is the tangent space of one of the two branches of W p at C.
Proof. LetŨ , U,C be as in the proof of Proposition 3.2. By the definition of the conformal structure [g], we can readily see that for each null surface V in T C W ≃ H 0 (NC /Ũ ), there exists a unique pointp ∈C such that
We put p = ν(p). If p ∈ C\Sing C, then (i) follows from (28). If p ∈ Sing C, then the pointp coincides with somep k ∈ ν −1 (Sing C) and (ii) follows from (29).
Next we explain another way to see that W 1 p is exactly the singular locus of W p . Take any point C ∈ W . We have a natural isomorphism T C W ≃ H 0 (O C (C) ⊗ I Sing C ) as in (14). We also have a natural isomorphism T C (|C| p ) ≃ H 0 (O C (C) ⊗ I p ). Therefore at the tangent space level, we have
If p ∈ Sing C (namely if C ∈ W 1 p ), the right-hand-side is equal to H 0 (O C (C)⊗I Sing C ) = T C W . This means that the hyperplane |C| p is tangent to W at the point C. Hence the hyperplane section W p is singular at C. Therefore W 1 p ⊂ Sing W p holds. On the other hand, if p ∈ C\Sing C (namely if C ∈ W p \W 1 p ), the right-hand-side of (30) becomes H 0 (O C (C)⊗ I Sing C ⊗ I p ), which is readily seen to be 2-dimensional. This means that |C| p and W intersect transversally at C. Therefore W p = W ∩ |C| p is non-singular at C. Hence we obtain the required coincidence
Using the isomorphism (30), we can also explain that W p has ordinary nodes along W 1 p . Fix any C ∈ W 1 p and let ν −1 (p) = {p 1 ,p 2 }. Now we takeq ∈C sufficiently close top 1 , and put q = ν(q). Then the surface W q is non-singular at the point C since q ∈ Sing C. Moreover, similarly to (30), we have
Hence we obtain
which is a 2-dimensional subspace of V C ≃ T C W . Obviously, the subspace (33) coincides with the tangent space T C Σ 1 , where Σ 1 is the null surface in the proof of Proposition 3.1. The same argument works for another pointp 2 .
Remark 3.3. The subvarieties W p and W 1 p in W are naturally considered as Zariski open subsets of certain Severi varieties. Indeed, let µ : S ′ → S be the blowing-up at p, and E p the exceptional curve. We fix C ∈ W p \W 1 p and let C ′ be the strict transform of C under µ. Then the map
gives an (open) embedding of W p to the Severi variety Proof. LetŨ → U be the 'normalization of a tubular neighborhood' of C. First suppose p, q ∈ Sing C. If we putp = ν −1 (p) andq = ν −1 (q), then we have
By Proposition 2.2 (ii) and (iii), this is a non-null geodesic in O.
Hence (i) holds. Next suppose p ∈ Sing C and q ∈ Sing C. Putting ν −1 (p) = {p 1 ,p 2 } and ν −1 (q) =q, we have
Further L 1 and L 2 are non-null geodesics by Proposition 2.2 (iii). Moreover we have L 1 ∩ L 2 = {C} sinceC is the unique curve in O which containsp 1 ,p 2 andq ∈D. Hence O ∩ W p,q is a union of two non-null geodesics intersecting at C. Finally, suppose p and q are distinct nodes of C. Putting ν −1 (p) = {p 1 ,p 2 } and ν −1 (q) = {q 1 ,q 2 }, we have
Hence again by Proposition 2.2 (iii), O ∩ W p,q is a union of four non-null geodesics intersecting at C.
Next we show that the hyperplane section W p can be empty in general.
Proposition 3.5. Let φ : S → CP m+2 be the rational map associated to the system |C|. If p and q are distinct two points on S satisfying φ(p) = φ(q), then the sets W p , W q and W p,q are all empty.
Proof. If φ(p) = φ(q), then we have |C| p,q = |C| p = |C| q . Hence W p,q = W p = W q by definition. On the other hand, by Proposition 3.4, W p,q is 1-dimensional as long as it is nonempty, while W p and W q are 2-dimensional if they are non-empty. Therefore since
Suppose W p,q is non-empty. By Proposition 3.4, a point C ∈ W p,q is a singular point of W p,q if and only if (Sing C) ∩ {p, q} = ∅. We can also prove this in the following way. If (Sing C) ∩ {p, q} = ∅, C is a smooth point of W p and also of W q by Proposition 3.1. Moreover we have
The dimension of the last space is (2m + 1) − 2(m − 1) − 2 = 1. This means that the two surfaces W p and W q intersect transversally at the point C. Hence W p,q is non-singular at the point C. If (Sing C) ∩ {p, q} = ∅, at least one of W p and W q has singularities at the point C by Proposition 3.1. Since W p,q is a hyperplane section of W p and W q , W p,q has singularity at C.
So far in this subsection we have supposed p = q. Next we define W p,q when q is an infinitely near point of p. Let p ∈ S, µ : S ′ → S be the blowing-up at p, E p the exceptional curve, and q a point on E p . Then we set Proof. Take any C ∈ W p,q . Let ν :C → C be the normalization andŨ → U the extension of ν to the tubular neighborhoods. Then we can uniquely define the natural liftp ∈C and its infinitely near pointq in the following way. If p ∈ Sing C, then putp = ν −1 (p). Then we define the liftq to be the point corresponding to the tangent direction TpC. If p ∈ Sing C, then ν −1 (p) consists of two points. We define the liftp ∈ ν −1 (p) in such a way thatp lies on the branch of which the image by ν tangents to the direction determined by q. The liftq is defined by the direction TpC (See Figure 6) . If O is a sufficiently small open neighborhood of the point C ∈ W , then by construction, for both cases we have
whereD ′ is the strict transform ofD under the blowing-up ofŨ atp. Hence by Proposition 2.2 (iii) W p,q is non-singular everywhere, and is a null geodesic.
Remark 3.7. Let p ∈ S and q ∈ E p be as above. If W p = ∅ and q ∈ Bs |µ −1 (D) − E p | for some D ∈ W p , then we have |C| p,q = |C| p . However this does not happen. Indeed, we obtain W p,q = W p = ∅ by an argument similar to the proof of Proposition 3.5, and this is a contradiction.
Finally in this subsection we illustrate the way how a nodal curve moves when a point on the Severi variety moves along a geodesic. Take any C ∈ W . As in Section 3.1, we have T C W ≃ H 0 (NC /Ũ ). Take any tangent direction at C, which is represented by a non-zero section θ ∈ H 0 (NC /Ũ ). (θ is uniquely determined up to scaling.) Letp,q ∈C be the zeros of θ. Putting ν(p) = p and ν(q) = q, the geodesic γ which satisfies T C γ = Cθ is determined (in a neighborhood of C) in the following way:
(a1) If p = q, p ∈ Sing C and q ∈ Sing C, then γ coincides with W p,q locally, and C is a smooth point of W p,q . (This is the most general case.) If the point C moves along the geodesic W p,q , the nodal curve C moves as illustrated in Figure 3 . (a2) If p = q, p ∈ Sing C and q ∈ Sing C, then γ is one of the two branches of W p,q . If the point C moves along the geodesic W p,q , the nodal curve C moves as illustrated in Figure 4 , depending on the two branches of W p,q . (a3) If p = q, p ∈ Sing C and q ∈ Sing C. then γ is one of the four branches of W p,q . (b) If p = q andp =q, then p ∈ Sing C andp andq correspond to the two branches at p.
Hence if D ∈ W p,q , D has a node at p. Therefore γ = W 1 p . In this case the nodal curve C moves as in Figure 5 . (c) Ifp =q, then we can consider q as an infinitely near point of p, and γ = W p,q . Depending on whether p ∈ Sing C or p ∈ Sing C, the nodal curve C moves as illustrated in Figure  6 . 3.4. Double fibration. Finally in this section we explain a double fibration associated to our construction. As our Severi varieties W (of a minitwistor space (S, |C|)) carry Einstein-Weyl structure, we have a null plane bundle ̟ : Q(W ) → W defined by (3), which is a conic bundle. For each point u ∈ Q(W ), let V u ⊂ T ̟(u) be the null plane corresponding to u. By Proposition 3.2, there exists a unique point p ∈ S such that V u is tangent to W p , where if ̟(u) ∈ W 1 p , 'tangent to W p ' means 'tangent to one of the branch of W p '. Let f (u) := p. Namely, f (u) ∈ S is the unique point satisfying ̟(u) ∈ W f (u) and T ̟(u) W f (u) ⊃ V u . (When p ∈ Sing C, T C W p means the union of two tangent spaces of the two branches of W p at C.) This way we obtain a map f : Q(W ) → S. Now let us denote W p := f −1 (p) for any p ∈ S. Then we can obviously write 
If we denote Q(W ) C := ̟ −1 (C) for the fiber, then we can write as
Hence the image f (Q(W ) C ) is the nodal rational curve C itself. The restriction f | Q(W ) C : Q(W ) C → C gives the normalization of C.
On the other hand, since the Severi variety W parametrizes curves on the surface S, there is the universal family which is concretely given by
For any C ∈ W , the fiber over the point C is exactly the nodal curve C. Obviously the total space R(W ) has ordinary nodes along the locus {(C, p) ∈ R(W ) | p ∈ Sing C}. Then we can Let σ be an anti-holomorphic involution on S for which we simply call real structure. Obviously, σ naturally induces an anti-holomorphic involution on the Severi variety W which is also denoted by σ. Set W σ := {C ∈ W | σ(C) = C}. Since σ is an anti-holomorphic involution on the 3-dimensional complex manifold W , the real locus W σ becomes a real 3-dimensional submanifold (if it is not empty). Then in general, W σ is not necessarily connected, and the type (or the isomorphism class) of the pair (C, σ| C ) depends on a choice of the connected component of W σ in which C belongs. For example, even when m = 2 (i.e. the case of 1-nodal curve), the real locus of σ| C can become a point (i.e. the node) or non-isolated (i.e. a 1-dimensional subset which possibly has a node) These two curves cannot belong to the same connected component. We are interested in the connected components for which the following conditions are satisfied: 1 • σ(C) = C, fixing each of the (m − 1) nodes. 2 • At any nodes of C, σ interchanges two branches of C. 3 • σ has no real points on C other than the nodes. Namely we define
We note that if C ∈ W σ 0 , then the natural lift of σ| C to the normalizationC has no real point. In particular, the real structure induced onC can be thought as the anti-podal map.
We will prove that the real 3-dimensional manifold W σ 0 has a natural positive-definite Einstein-Weyl structure as a real slice of the complex Einstein-Weyl structure ([g], ∇) on W defined in Theorem 2.10, where we mean by 'real slice' the real objects naturally induced on the real locus by the restriction of complex objects. We begin with the conformal structure: Proof. Take any member C ∈ W σ 0 . Recall that we have isomorphism see (20) ). The involution σ induces an anti-linear involution on V C , and we have
where V σ C is the fixed subspace under σ. We prove that the restricted conformal structure [g]| V σ C naturally defines a definite real conformal structure. Let (z 0 , z 1 ) be a homogeneous coordinate onC such that the lifted involution is given by (z 0 , z 1 ) → (−z 1 ,z 0 ) . We can use a weighted homogeneous coordinate (z 0 , z 1 , v) on OC(2m) with the equivalence relation
where the projection OC (2m) →C is given by (z 0 , z 1 , v) → (z 0 , z 1 ) . The involution σ oñ C naturally induces an anti-linear bundle automorphismσ : OC(2m) → OC(2m) covering σ, which can be written asσ
using a holomorphic function h on C 2 . We have, however, h(z 0 ,z 1 ) = h(λz 0 , λz 1 ) by the welldefinedness. Therefore h(z 0 ,z 1 ) is a non-zero constant h. Moreover, sinceσ is an involution, we obtain |h| = 1.
From now on we use the same notation as (17), (18) and (19) . Take any s ∈ V C ≃ H 0 (OC(2m)). In the above coordinate, the polynomial s defines a section of the line bundle OC (2m) given by (z 0 , z 1 ) → (z 0 , z 1 , s(z 0 , z 1 )). By (40), this section is mapped byσ to the section represented by the polynomial s ′ (z 0 , z 1 ) given by
Now, since the two pointsp 1 i andp 2 i (over the node p i ∈ C) are antipodal each other, we can set (c i ,
Substituting this to (41), and using the isomorphisms
where we put (−1) m h = e 2iθ . Then if we put
we have
The restriction of the complex conformal structure [g] is represented by 
Note that these involutions are fiberwise anti-linear. We can check the following:
Now, let us define a connection∇ on T W bỹ
Here,∇ is actually a connection, since we have, for example, The claim (i) can be directly checked by using an obvious equality
To check (ii), it is enough to see that every geodesic of ∇ is also a geodesic of∇. (Here, a 'geodesic' means an unparametrized geodesic.) Take an arbitrary C ∈ W and a small neighborhood O ⊂ W of C. Let p, q ∈ C be two points which may be infinitely near, and consider the geodesic γ :
If X is a tangent vector field of γ, thenσ(X) is a tangent vector field of σ(γ). So ∇σ (X)σ (X) is proportional toσ(X). This means that∇ X X is proportional to X, which is an equivalent condition for γ to be a geodesic of∇.
Finally, we check (iii). We fix g ∈ [g] and define another complex metricσ(g) by (σ(g))(Y, Z) = σ (g(σ(Y ),σ(Z))). Let a be the 1-form satisfying ∇g = a ⊗ g, then by a direct calculation we can check that∇σ
So∇ is compatible with [σ(g)]. Hence, to prove (iii), it is enough to show the coincidence [σ(g)] = [g]. For this, notice that each null geodesic is mapped to another null geodesic by σ. Hence for a tangent vector X, g(X, X) = 0 if and only ifσ(g)(X, X) = 0. Therefore the null cones of g and those ofσ(g) coincide, soσ(g) and g are conformally equivalent. Now we can show the main result in this section. We can take g ∈ [g] so that h = g +σ(g) does not vanish on O. From the proof of the previous lemma, we obtain
where a is a 1-form satisfying ∇g = a ⊗ g. Notice that, since h = σ(h), h defines a real metric on W σ 0 ∩ O. By Lemma 4.1, h is definite on W σ 0 ∩ O. By exchanging the sign if necessary, we can assume that it is positive-definite. Thus we have obtained a torsion-free positive-definite Weyl-structure ([h], ∇) on W σ 0 . Moreover, this satisfies the Einstein-Weyl condition since the original ([g], ∇) on W satisfies the condition.
Proof. Take any C ∈ W σ 0 and any complex null plane
However, such a real null line can not exist because the conformal structure is definite. Hence we obtain V = σ(V ), as required. Therefore the intersection V ∩ σ(V ) is a complex line. Since l = V ∩ T C W σ 0 is the real line satisfying V ∩ σ(V ) = l ⊗ C, we find that for each null surface Σ ⊂ W , the real locus Σ ∩ W σ 0 is a real curve if it is not empty. Now we putp = σ(p)
p has a node at p by the conditions 1 • and 3
Here, notice that W 1 p is a σ-invariant complex geodesic in this case. Hence its real locus (W σ 0 ) p is also a geodesic. Finally in this section, we explain what happens for the basic diagram (37) if we take real structure into account. Let P (W σ 0 ) := P(T W σ 0 ) be the projectivization of the tangent bundle of the real manifold W σ 0 . Then we can define a natural map given by 
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Recall that there is an integrable complex two-plane distribution D on Q(W ) consisting of the fiber directions of f : Q(W ) → S. Then D descends by j to a real 1-dimensional distribution on P (W σ 0 ). The integral curves of the last distribution is the natural lift of a geodesic on W σ 0 . Namely, the distribution is the geodesic spray on W σ 0 .
Explicit examples of the minitwistor spaces
In this section, for any m ≥ 2 we construct a family of minimal minitwistor spaces of index m. By the results we have obtained so far, the relevant Severi varieties of these minitwistor spaces have a natural Einstein-Weyl structure. It follows from Theorem 2.10 that the Severi variety W |C|, m−1 (for S) is a 3-dimensional complex Einstein-Weyl manifold. Proof of Proposition 5.1. We prove the proposition by showing that for the reducible curve C 1 +C 2 any one of the m nodes can be smoothed, while all other nodes remain nodes. Since S, C 1 and C 2 are rational satisfying C 2 1 = C 2 2 = 0, both of the systems |C 1 | and |C 2 | are base point free pencils. Therefore the system |C 1 + C 2 | is base point free. By the cohomology exact sequences of 0
On the other hand, by the Riemann-Roch formula we have
Hence we have dim |C 1 + C 2 | = m + 2. Let φ : S → CP m+2 be the morphism associated to the system |C 1 + C 2 |. We claim that φ is birational to its image. Take different two points p and q on S which are not on C 1 ∪ C 2 . Then as the pencil |C 1 | is base point free, for general p and q, there is a curve C ′ 1 ∈ |C 1 | which satisfies p ∈ C ′ 1 and q ∈ C ′ 1 . Then the curve C ′ 1 + C 2 satisfies p ∈ C ′ 1 + C 2 and q ∈ C ′ 1 + C 2 . This means φ(p) = φ(q). Therefore φ is birational, as claimed. Then by Bertini's theorem, general members of the system |C 1 + C 2 | are irreducible (and nonsingular). Further, by adjunction formula, we have K S C 1 = K S C 2 = −2 < 0. Therefore, any of the nodes of the curve C 1 + C 2 can be smoothed in the system |C 1 + C 2 | independently ([2, page 251]). By taking a smoothing which makes exactly one of the nodes smooth, we obtain a curve C ∈ |C 1 + C 2 | which has exactly (m − 1) nodes as its all singularities. It is obvious that C is irreducible. Further C must be a rational curve by topological reason. Finally, as (C 1 + C 2 ) 2 = 2m, we have C 2 = 2m. Thus we obtain that the curve C satisfies the required properties for the pair (S, |C|) to be a minitwistor space. Therefore the above minitwistor spaces constitute 2 · 2m = 4m-dimensional family. By noting dim Aut(CP 1 × CP 1 ) = 6, the number of effective parameters for the family is 4m − 6. As m ≥ 2, when the 2m points p 1 , · · · , p 2m are in a general position, the automorphism group of S is readily seen to be 0-dimensional. Next by locating the 2m points in some special position, we provide examples of S which admit an effective C * -action, or even an effective C * × C * -action. For the configuration that allows C * -action, we choose distinct two curves of bidegree (0, 1). Next take m points p 1 , · · · , p m on one of the (0, 1)-curves and other m points q 1 , · · · , q m on another (0, 1)-curve. Here, we are allowing the case that p i = p j or q i = q j for some i = j; in that case, the blowing-up is always performed on the strict transform of the (0, 1)-curve on which p i = p j or q i = q j belongs. Then the surface S clearly admits an effective C * -action which is a lift of the C * -action on the first factor of CP 1 × CP 1 . In order for the surface S to have the required nodal rational curves, we suppose that the 2m points satisfy the following (genericity) condition:
, where π 1 : CP 1 × CP 1 → CP 1 denotes the projection to the first factor. Then after possible renumbering for the indices of a i and b i independently, there exists a subset I ⊂ {1, 2, · · · , m} with I = ∅ and I = {1, · · · , m} such that Since the C * -action on S clearly induces a non-trivial C * -action on the set of nodal curves, the Severi variety W |C|,m−1 on S has a non-trivial C * -action. Namely, W |C|, m−1 is an Einstein-Weyl manifold which admits a C * -action. The last C * -action preserves the Einstein-Weyl structure, since the action clearly preserves both of the set of null cones (24) (or (25)) and the set of geodesics W p,q .
Proof of Proposition 5.2. As in the proof of Proposition 5.1, it suffices to find 2 non-singular rational curves C 1 and C 2 on S satisfying C 2 1 = C 2 2 = 0 and C 1 C 2 = m, and intersecting transversally. We give these curves explicitly. Let u and v be non-homogeneous coordinates on the first and second factor of CP 1 × CP 1 respectively. In these coordinates we can suppose that the 2m points are explicitly defined by (u, v) = (a i , 0) for
Then we define curves D 1 and D 2 by the equations
respectively, where c ∈ C * . By the condition ( * ) we have {a i | i ∈ I} ∩ {b i | i ∈ I} = ∅ and Then as the two curves C 1 and C 2 , it suffices to choose the strict transforms of D 1 and D 2 respectively.
Remark 5.3. For the surface S and the curve C in Proposition 5.2, the linear system |C| is base point free and (m + 2)-dimensional by Proposition 2.8. If φ : S → CP m+2 still denotes the morphism associated to |C|, φ contracts two rational curves which are the strict transforms of the (0, 1)-curves on which the 2m points lie. The image of these two curves become cyclic quotient singularities of φ(S). For general choices of the 2m points satisfying the condition ( * ), the identity component of the automorphism group of the minitwistor space S is clearly C * . By a similar consideration for the case of general configurations (without C * -action), the number of effective parameters for the family of the minitwistor spaces in Proposition 5.2 is given by 2m − 3.
Among all configurations of the 2m points satisfying ( * ), the surface S becomes a toric surface iff the set {a i , b i | 1 ≤ i ≤ m} (⊂ CP 1 ) consists of exactly 2 points; in other words, iff
for 1 ≤ i ≤ k (after renumbering the indices and changing the coordinates). By looking the self-intersection numbers of the irreducible components of the unique C * × C * -invariant anticanonical curves (which determines the toric surface uniquely), it can be readily verified that the structure of these toric surfaces is independent of k. Therefore, for each m ≥ 2 we have obtained exactly one toric surface whose Severi variety of (m − 1)-nodal rational curves is a 3-dimensional complex Einstein-Weyl manifold. Exactly as in the case with C * -action, C * × C * acts on these manifolds preserving the Einstein-Weyl structure. Therefore for each m ≥ 2 we obtain a complex Einstein-Weyl 3-fold which admits a C * × C * -action.
Next we show the minimality of the minitwistor spaces obtained so far: Proof. Let µ : S → CP 1 × CP 1 be the blowing-up, E 1 , · · · , E 2m the exceptional curves which satisfy E i · E j = −δ ij for 1 ≤ i, j ≤ 2m, and φ : S → CP m+2 the birational morphism induced by |C| as in the proof of Proposition 5.1. (In particular, E i 's are not necessarily irreducible.) For the minimality, by Proposition 2.15 it suffices to show that φ does not contract any (−1)-curves on S. Suppose that E is a (−1)-curve which is contracted by φ. If E = E j for some 1 ≤ j ≤ 2m, E j is irreducible, and we have
Hence (together with the fact that Bs|C| = ∅) we have dim φ(E) = 1. Hence E = E j for any 1 ≤ j ≤ 2m. So we can write
where ∼ denotes linearly equivalence, k, l and m i satisfy k ≥ 0, l ≥ 0, k + l > 0, m i ≥ 0 and 2m i=1 m i > 0. Then as E is a (−1)-curve, we have
On the other hand, as we have supposed dim φ(E) = 0, we have
By (58) and (59) we obtain l(m−2) = −1. As l and m−2 are non-negative integers, this means l = m = 1. This contradicts our assumption m > 1. Therefore there exists no (−1)-curve E on S which is contracted by φ.
5.2.
Examples of the minitwistor spaces with a real structure and real twistor lines. The complex surfaces we shall consider next are the rational surfaces given in [6, Section 2]. Though they can be shown to be included in the examples in the last subsection, an advantage of the surfaces in this subsection is that they are equipped with a natural real structure which is induced from that of the twistor spaces (of real self-dual 4-manifolds), and we can find real nodal rational curves satisfying the conditions we have considered throughout Section 4. By the result in Section 4, this means that the real locus of the Severi varieties become real (3-dimensional) Einstein-Weyl manifolds.
First we briefly recall some of the results in [6] . We consider (arbitrary) effective U (1) 2 -action on nCP 2 and take any one of Joyce's self-dual metrics on nCP 2 which are invariant under the U (1) 2 -action [7] . Let Z be the twistor space of the self-dual metric. The U (1) 2 -action on nCP 2 naturally induces a holomorphic G := C * × C * -action on Z. On the other hand, the U (1) 2 -action on nCP 2 has exactly (n + 2) invariant two-spheres. As the next step for obtaining the required complex surface, choose any one of these U (1) 2 -invariant spheres and let K 1 ⊂ U (1) 2 be the isotropy subgroup which fixes any points on the sphere. K 1 is isomorphic to U (1). Let G 1 ⊂ G be the complexification of K 1 . We have G 1 ≃ C * .
Let F be the canonical square root of the anticanonical line bundle of Z. Then the G-action on Z naturally lifts on F , so that also on the tensor product kF , k > 0. Let H 0 (Z, kF ) G (resp. H 0 (Z, kF ) G 1 ) be the subspace consisting of all G-invariant (resp. G 1 -invariant) sections, and |kF | G (resp. |kF | G 1 ) the corresponding linear system. |F | G is a pencil whose members are smooth toric surfaces.
Under this situation, we have the following. Note that the integer m is explicitly computable through the algorithm given in [6, Section 2, Procedure (A)]. As in [6, Def. 2.9] we write T := Φ G 1 m (Z). Recall that T can be regarded as a quotient space with respect to the G 1 -action: namely for general points of T , the inverse image under Φ G 1 m are the closure of the G 1 -orbits. (More invariantly, T is exactly the 'canonical quotient space' of the Moishezon twistor space Z under the G 1 -action, as proved in [6, Appendix] ). Also recall that T has a natural real structure induced by that on Z. Although T always has isolated singularities as long as m ≥ 2 ([6, Prop. 2.14]), we have the following. where Ψ m is the map associated to the system |mF | G , Λ m is the image of Ψ m so that Λ m ≃ CP 1 , and π m is the linear projection associated to the obvious inclusion H 0 (mF ) G ⊂ H 0 (mF ) G 1 whose fibers are CP 2 . Here, ι embeds Λ m ≃ CP 1 as a rational normal curve, and fibers of the restriction π m | T : T → ι(Λ m ) are conics, by which T has a structure of (rational) conic bundle over ι(Λ m ) ≃ CP 1 . To find the curve C in the proposition, take a real twistor line L which is disjoint from Bs |F | G . (Recall that Bs |F | G is exactly the cycle of rational curves which is the unique Ginvariant anticanonical curve on a smooth member of |F | G .) We will show that if L is sufficiently general then the image C := Φ G 1 m (L) satisfies the required properties in the proposition. For verifying the property (i), recall that Sing T consists of (a) one conjugate pair {P ∞ , P ∞ } of cyclic quotient singularities and (b) real singularities ([6, Prop. 2.14]). For the former ones, we have (Φ G 1 m ) −1 (Φ G 1 m (P ∞ )) ⊂ Bs |F | G , and hence also (Φ G 1 m ) −1 (Φ G 1 m (P ∞ )) ⊂ Bs |F | G . For the latter ones, the inverse images (under Φ G 1 m ) of the singularity is one of the G-invariant twistor lines, so that it intersects Bs |F | G . Since L ∩ Bs |F | G = ∅ by our assumption, these imply C ∩ Sing T = ∅. Hence C satisfies (i).
Next to show (iii) we claim that C is contained in a hyperplane in P(H 0 (mF ) G 1 ) * . This can be proved in the same way as in [6, Prop On the other hand, as π m | T : T → Λ m is a conic bundle, we see that hyperplane sections of T also have the same intersection numbers with irreducible components of any fibers of π m | T . Moreover, general hyperplane sections do not intersect Sing T . These imply that the curve C and hyperplane sections of T determine the same element in H 2 (T , Z). Hence C is contained in a hyperplane section, as claimed. Therefore we have C 2 = deg T = 2m, and we obtain (iii). Remark 5.10. As we have explained, the minitwistor spaces T in Proposition 5.7 are obtained as quotient spaces of the twistor spaces of Joyce metrics on nCP 2 by C * -action. It might be worth mentioning that for any one of these minitwistor spaces, there exist Moishezon twistor spaces on nCP 2 with C * -action (for some n) whose quotient space is exactly the given minitwistor space but whose self-dual metric is not conformal to any Joyce metrics. This is proved in [6, Theorem 4.3] . In the papers [4] and [5] , detailed structure are studied for some of such twistor spaces.
Finally we give a comment on the number of effective parameters involved in the construction of the surfaces T (which are the quotient spaces of the twistor spaces of the Joyce metrics). As in the proof of Proposition 5.7, there is a canonical map π m | T : T → ι(Λ m ) ≃ CP 1 whose fibers are conics. For a general T (more precisely if T has no real singularities), the complex structure of T is uniquely determined by the discriminant locus of π m | T , and the number of elements of the last locus is exactly 2m. Subtracting the dimension of the automorphism group of CP 1 , the number of effective parameters is given by 2m − 3. This coincides with the number obtained in the last subsection. But of course, the location of discriminant locus is subject to a reality condition, and the last number is the dimension over real numbers. On the other hand for the surface T which may have real singularities, if ν i denotes the number of real A i -singularities (see [6, Proposition 2.14]), then the number of reducible fibers of π m | T decreases, which is given by 2m − i iν i .
